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A phenomenologinl theory of isoelectric focusi% is formulated for rapidly reversible, ampholyte-induced macromolc- 
cular isomerization. The ulculations revai that such interactions ~=ln sivc well resolved, bimodal transient and equilibrium 
isoelectric focusing patterns in which the two peaks correspond to different chemical equilibrium compositions and not to 
sepmted isomers_ The kinetics of approach to the equiM.wium pattern are characteristically biphasic: During the tirst phase, 
which is controlled by the rate of migration of the isomers in the electric field, two peaks are positioned in the region be- 
tween the isoelectric points of the two isomers; one of the peaks then grows slowly at the expense of the other with a dif- 
fusion-dominated rate. The kinetics are dependent upon the initial distribution of macromolecule in the isoelectric focusing 
column, and in certain cases only a single peak is apparent during the fist phase. These findings have practical implications 
for unambiguous interpretation of isoelectric focusing patterns, furnish explanations for hitherto puulinr esperimental 
observations, and provide theoretical insights required for application of isoelectric focusing to the detection and characteri- 
zation of macromolecular interactions in generaIl. 

1. Introduction 

Isoelectric focusing in natural pH gradients [l-7] 
is finding wide application to the separation and 

characterization of proteins and other amphoteric 
macromolecules with respect to isoelectric point @I) 
The method can be described as follows: A linear pH 
gradient is generated and maintained by electrolysis 
of carrier amphalytes, each initially distributed uni- 
formly, in a liquid column using a sucrose density 
gradient to stabilize the system against convective 
disturbances or in a column or slab of solid support 
such as polyacrylamide gel. (The commonly used 
carrier ampholytes are mixtures of relatively small 
aliphatic polyamino-pofycarboxylic acids with hi& 
conductances and closely spaced pi’s supplied by LKB, 
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Stockholm, Sweden, under the trade name “Ampho- 

line”.) During electrolysis the most acidic ampholyte 
migrates to the anode where it accumulates in its iso- 
electric state and, due to its buffering capacity, con- 
fers upon the immediate environment a pH corre- 
sponding to its PI. Simultaneously, the ampholyte 
with second lowest pI converges from both ends of 
the column to accumulate in a zone just behind the 
first ampholyte where it dictates a pH equal to its PI. 
and so on for the others in the mixture. When the 
steady state is reached the various carrier ampholytes 
are distributed along the column from anode to 
uthode in order of increasing ~1; thus, the generated 
pH gradient. The several zones of ampholyte are not 
completely separated one from another, however. 
but overlap to some extent due to coupling through 
the conductance. Nevertheless, to the first approxima- 
tion the concentration of each can be considered as 
being distributed in a gaussian fashion about its pl 

with a variance dependent upon (I) its diffusion 
coefficient; (2) the electric field strength maintained 
by the current carried by the cations and anions of 
the several ampholytes; and (3) the gradient of electro- 
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phoretic mobility of the particular ampholyte which, 
in turn, isdetermined by both the dependence of 
mobility upon pH and the pH gradient. When a zone 
of isoelectricaliy homogeneous protein is inserted into 
the pii gradient at some arbitrary position, the protein 
molecules migrate under the influence of the electric 
field toward either the anode or the cathode depend- 
ing upon the pH (fp1) at the point of insertion until 
they reach that position in the column where the pH 
corresponds to the RI. The protein focuses sharulpy 
at this position with a concentration distribution 

governed by the sank molecular and environmental 
factors as in the case of a carrier ampholytz. If the 
protein is isoeleetrically heterogeneous, each of the 
components focuses at its respective pi so that the 
isoelectric focusing pattern (plot of concentration 
versus position) shows a corresponding number of 
peaks. 

The foregoing experimental procedure is commonly 
used for isoelectric focusing in gek. Alternatively, the 

carrier ampholytes and the sample of protein can be 
premixed so that initially both are uniformly distri- 
buted throughout the gel or liqirid column. Upon 
establishing the electric field the pH gradient is 
generated relatively rapidly because of the high 
mobilities of the amphofytes, after which each protein 
component converges upon the point in the pH 
gradient corresponding to its p1. With either proce- 
dure the whole process may be completed in a time 

as short as 5 h or as long as 34 days determined by 
instrumental design, adjustable parameters and ekctro- 
phoretic properties of the protein. The distribution 
of prot$ein in the final isoelectric focusing pattern is 
an equilibrium distribution given the particular en- 
vironment created by the steady state distribution of 
carrier ampholytes. 

The described behavior is for ideal situations un- 
compbcated by macromolecular interactions. One 
might expect rather different isoelectric focusing 
patterns unamenable to classical interpretation for 
systems undergoing reversible carrier amphoiyte-induced 
macromolecular isomerization, association or dissocia- 
tion into subunits, and reversible pHdependent con- 
formationa transitions. In all of these cases the pK 
of one or more ionizable groups may be altered due 

to change in conformation or state of association_ 

thereby leading to a change in PI. A few such systems 
fmve been investigated; for example, either ampholyte- 

induced or pHdependent conformational transition 
of tRNA [S] and the pHdependent conformational 
transition of the 1X subunit protein of the capsid of 
foot-and-mouth disease virus [P J . Several other 
systems repcrted in the literature suggest such inter- 

actions [IO-I 2J _ Accordingly, theoretical isoelec- 
tric focusing patterns have been calculated for several 
model systems; the results will be reported in a series 
of papers. ln this, the first of the series, we describe 
the results for the ampholyte-induced isomerization 
reaction 

3fL+trA *cylsQ,, (0 

where W is an amphoteric macromolecuIe, and d is 
a carrier ampholyte mclecule of which a fixed number, 
n, are bound into the complex ‘%sf,,, in which 32 is 
an isomer with different electrophoretic mobilities at 
the same pH-values and a different p1 than 9Z _ Assign- 

ment of different electrophoretic properties to%? 
and 92 is the salient feature of the model, since revers- 
ible binding of ampholyte by the macromolecule with- 
out concomitant isomerization would have little conse- 
quence for isoelectric focusing. As pointed out by 
Vesterberg and Svenssen 131 a focused macromde- 
cule is in a medium of ampholytes which are essentially 
isoelectric, so that any ampholyte-macromolecule 
complexes with the same conformation as the un- 
complexed macromolecule would have virtually the 
same pl. 

Since the pi’s of 772 and 92 differ, it is evident 
that hydrogen ion must be involved in the isomeriza- 
tion reaction. Consequently, the ‘equilibrium con- 
stant” for reaction (I) must incorporate the @S’s of 
the isomers in such a way as to be a function of 
hydrogen ion concentration. We shall assume that 
the “equilibrium constant” is an insensitive function 
of pH and can be considered constant in the region 
of the co!umn where the system focuses, given the 
shallow pH gradient and the relatively small difference 
in pI’s. 

2. Theory 

The theory to be described is for both the equili- 

brium distribution of macromolecule along the iso- 

electric focusing column and the time.course of ap- 
proach to that distributkn- Let us first consider the 

approach to equilibrium. 



Most of the calculations simulate the experimental 
procedure in which the steady state distribution of 
carrkr ampholytes along the column and, thus, the 
pH gradient are established before inserting a narrow 
zone OF macromolecule into the column- The others 
are For a broad initial zone. These can be placed into 
correspondence with the alternative experimental 
procedure, in which both the n~acromolecule and the 
ampholytes are distributed uniformly throughout the 
column initially, by making the Ii -_%ng assumption 
that the steady state is established so rapidly that, in 
effect, it obtains at the instant the macromolecule 
begins to migrate under the influence of the electric 
field. In both cases, it is assumed that the concentra- 
tion of ampholyte(s) is sufficiently greater than the 
concentration of macromolecule rhat it is not per- 
turbed significantly by reaction with the macromole- 
cule. Thus, both the distribution of ampholyte(s) and 
the pH gradient are invariant in time. 

Theoretical time-dependent profiles of macromole- 
cule concentration versus position along the electro- 
focusing column were computed by numeric31 solution 
of the transport equation for constituent macromole- 
cule *- The computations are for the limiting case of 
rates of reaction so fast that, in effect, there is local 
chemical equilibrium among the interacting species. 
Imagine the column to be divided into a number of 
discrete segments so that the dependent variables be- 
come the average concentrations of the two macro- 
molecular species in each segment with driven velocities 
specified at the interfaces between segments. The 
average concentration of ampholyte in each segment 
is also specifle&_ Then, given the initial concentration 
of the two macromolecular species at chemical equili- 
brium in each segment, we calculate the change in 
the distribution of material during a short interval of 
time, &. due to diffusion and driven transport. It is 
assumed that there is no reequilibration by chemical 
reaction during h, each species migrating independently 
from its distribution at the beginning of the interval. 
After the concentrations have been advanced, chemical 
equilibrium is recalculated. That is, for known consti- 

* The equation is for ideal transport in a uniform electric 
field and neglects hydrodynamic effects of macromolecule 
concentration and sucrose density and viscosity gradients 
upon diffusion coefficients and electrophoretic mobSties; 
possible gec\metriul effects of gel structure such as mole- 
cular sieving; ekct-smosiq etc. 

tuenr concentrations of macromolecule computed 
from the concentrations of the two species as changed 
by the transport processes, new equilibrium concentra- 
tions are calculated by applying the law of mass action. 
We then compute the change in this new distribution 
of material due ta transport over the ne.xt At; recalculate 
the chemical equilibrium; and so on, thereby construct- 
ing the approach to the equilibrium distribution: Le., 
the equilibrium isoelectric focusing pattern in contradis- 
tinction to the transient patterns which pertain to the 
approach. 

The equilibrium isoelectric focusing pattern itself 
was calculated by (1) substituting the mass action ex- 
pression into the transport equation for constituent 
macromolecule to give the equation of continuity 
which conserves total macromoleculq by taking into 
account diffusion, driven transport and chemical reac- 
tion; (2) equating both the change in concentration 
with time and the net flow of material to zero; and 
(3) integrating the resulting ordinary differential 
equation numerically. 

The numericat procedures are outtines befow in a 
format which first considers control calculations on a 
mixture of two noninteracting macromolecules with 
different pi’s and on a single macromolecule under- 
going the simple isomerization reaction 

W=+---n (IO 

and then proceeds to the ampholyte-induced isomeri- 
zation reaction (I). As in the case of reaction (I) it is 
assumed that the “equilibrium constant” for reaction 
(II) is an insensitive function of pH and, thus, can be 
approximated by a constant. 

2. I. TWO r~otzitlteracting rt~acrottzoIecules 

The changes in concentration of the two macro- 
moIecuIes with time, t, and position in Phe isoelectric 
focusing column, x, during their independent approach 
to equilibrium are described by the transport equa- 
tions 

ac,(x, t) a 

[ 

ac,b, 0 
at =z 42 ax - V~(X)C&, t) , 

1 

k=1,2, (1) 
where the subscript k = 1 designates the macromole- 
CUlf! with higher pl; C&, C) is the molar concentration; 
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Ok is the diffusion coefficient; and V,(X) t the driven 
velocity. Vk =fl&z)E in which p&c) is the electro- 
phoretic mobility and E, the electric field strength. 
It is assumed that the electrophoretic mobilities vary 
linearly with pH as is typical of proteins in the region 
of their PI’S and that pH(x) = QI f pX_ Thus, Vk(x) = 
ax- - bxx_ 

We now divide the column into J discrete segments 
using J + 1 equally spaced interfaces positioned at 
xi =iAx ti = 0,l . . . J), introduce the discrete time 
variable r,, = IZALT (n = 0, I,2 . ..). and adopt the nota- 
tion C,{j, t,) for the average concentration in the 
segment bounded by .T~_I, -Tj at time f,r and Vk(xi) 
for the driven veIocity at interfacej. The gradients of 
driven velocity are positioned such that each pi is 
centered in a segment; i.e., Vk(xi) # 0. Applying the 
mathematical analysis of Goad [ 131 as it pertains to 
the method of first differences, eqs. (1) are approxi- 
mated by the expIicit finite difference equations 

c&L &tI) = <& t,,) * WWCJg,~ - JE,~) , (2) 
in which the diffusional flow fDfi is given by 

JD,k =(I /Au) I[& - 1 &(~j)bd21 

x [q& + LQ - qi, tn)l 

- [ok - i ~&&I h/2] 

x rqi. $,> - qIi - 1, $J I (3) 

and the driven flow JE,k = [6 V&k] for where 

P V,C,l for = v&$ c&r t,) - v&+&$.i - 1, fn) , 

for v(xi_l) ) V(Xj) > 0 ; 

for F’(xj_ I), V(xi) < 0 ; 

for V(X~_~) > 0, V(xj) < 0 . (4) 

In eq. (3) the terms 1 V&l 4x/2 compensates for the 
major fraction of the truncation error due to the way 
the first spatial derivative is approximated at each 
interface [13--151, the remaining error O[(br)*] 
being made appropriately small by choosing Ax suf- 
ficiently small. 

Given values of ck at any time t, we can calculate 
their values at t f At as changed by transport using 
eqs. (2)-(4), the new values serving as the starting 
distribution of material for the next time cycle of 
transport, and so on. Thus, given initial conditions 
and boundary values, this recursive calculation allows 
one to follow the approach to equilibrium. The initial 
conditions are &(j, 0) = C2 for i = j’, _._ j’ + J’ and 
ck(j, 0) = 0 for i f J*, __. j’ f f. The boundary vahres 
are c;k( 1, f,) = c&J, t,) = 0. 

Error estimates on the numerical solution of eqs. 
(1) are provided by the analytical relationships 

F&I = a&k + [F&9 - f+kl exp(--b& (5) 

and 

c&r) = Dk/bk f [c&Cl) - Dk/b$exp[--2bkr) , 0% 

where st;.(t 
2? 

is the mean of the concentration distribu- 
tion and-ok(t), its variance about the mean. Also, 
equating X,(x, r)/at and the net flows in eqs. (1) to 
zero and integrating analytically shows that the equili- 
brium isoelectric focusing pattern (f = -) consists of 
two gaussian peaks centered at ak/& (i-e-, plk) with 
variance Dk fbk_ 

2.2. Sin@ isomen>arion. reaction (If) 

The cakulations are for the case in which % has 
the higher pl so that the equilibrium constant K = 
et G, r,)/&(j, t,). (^ denotes chemical equilibrium.) 
Independent transport of 5X and % over dr is calcu- 
lated as described above. After each time-cycle a new 
value of the constituent concentration, C(j, t,r+I), is 
computed from the concentrations of the two species 
as changed by transport, 

z’(i,$& = QX &,t) f cz(i, &,I) (71 

and chemicaI equilibrium is recalculated by imposing 
the mass action and conservation expressions 

&ci, &,l) = (1 f KPW* &+I) , @I’ 

_ 
qti, &I) = al-9 &l) - Q9 &Cl) - (9) 

These new values of the concentration serve us the 
starting distribution of material for the next time 
cycle of transport followed by chemical reequiliira5on. 
and so on. 

Error estimates are provided by equations analogous 
to eqs. (5) and (6) in which the subscript k is dropped, 
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and D, a and b are replaced by their average values, 

fi=(Ku, +tr2)(1 +K)-’ * 00) 

It can be shown analytically that the equilibrium iso- 
electric focusing pattern consists of a single gaussian 
peak centered at Z/E [F, averaged according to 
eq. (10) if bl = &I with variance B/6_ 

2.3. Anrpholyie-induced isomerizntion. reaction (fj 

For the case in which 92~8, ha; the higher pi, the 
catculation of transient isoelectric focusing patterns 
is the same as described above for simple isomerization 
except that the equilibrium constant is defined in each 
segment to be 

K = QL t,>l~#, tJtW91 n , (11) 

where c&j) is the time-invariant, average constituent 
concentration of ampholyte* in segment j. Thus, one 
merely replaces the equilibrium constant in eq. (8) by 
the apparent equilibrium constant K’o) = K[c&)]“- 
A gaussian distribution of constituent ampholyte (in 
one case a sum of such distributions) is assumed, 

G(j)= (l/AY) 7 G(x)ti f (13) 

“j- I 

In all the calculations K’(I) = C, (1, fn)jC,(f, m) E 1, 
where r is the segment in which the infleition point 
of the ampholyte distribution is located; i.e., x1 - 
U/2 = z+ u. 

To calculate the equilibrium isoelectric focusing 
pattern we note that the continuity equation for con- 
stituent macromolecule is 

ac7(x, t) a - 
- = G D(x, r) 

at [ 
v - qx,qx, f)] , (14) 

in which 

&, r) = 
D&‘(x) f D.2 

1 tK’(x) 

f 
Di -D2 

[l f K’(x)] 2 

N~)[,ln,.0]-13 

V(x) = [V*(x)K’(x) f V&)] [l tK’(.K)J -1 * 

K’(x) = K [ 5 (x)] ‘* _ 
(1% 

Equating flqx, r)/ar to zero, noting the physical require- -- 
ment that (DdC/ck - ra = 0 at equilibrium, and in- 
tegrating with respect to x for a column 1 S cm long 
gives the equilibrium distribution 

(17) 

in which 0 <x, d 1.5, and A J&“z(z) dz is the total 
moles of macromolecule in the column of uniform 
crass-sectional area, A _ To evaluate the integrals the 
column was divided into 99 equal intervals, and a four- 
point Gauss-Legendre quadrature formula applied 
over each interval [ 161. ‘The maximum relative error 
in the numerical approximation was about 10e7 as 
judged by comparison with calculations using a six- 
point quadrature formula. 

This formulation is for % S& having the higher pi. 
It also holds for ‘%sQ,, having the lower pl, provided 
that the subscripts I and 2 are interchanged in eqs. (8)- 
(11) and (15)-(17). 

Computations were made on the University of 
Colorado’s CDC 6400 electronic computer. For the 
transport part of the calculations AI = 5 s and AT = 
0.005 cm which satisfy the stability criterion employed 
previously [ 17]_ Unless stated otherwise. the several 
parameters were assigned the values: D1 = Dz = 
3 X 10-7 cm2 s-1 for the noninteracting system and 
simple isomerization; diffusion coefficients for%2 
and CMSQ,, 3.6 X 10-T cm2 s-1 and 2.6 X 1tY7 cmz s-r. 
respectively; cz = 6.75 125 pH units and /l= OS pH 
units cm- r ; pH dependence of ,u arbitrarily taken 
similar to the hemoglobins in free solution with 
E = 10 V cm-l determining the velocity gradients. 

* Constituent ampholyte consists of zwitterionic, anionic and 
cationic forms of the molecuIe. It is assumed that all forms 
bind equally well to the macromolecule. 
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These conditions give velocity gradients of the order 
of magnitude often used in practice: u1 = 9.975 X 
10e5 cm s-r, rr2 = 4.975 X 10-s cm s-1 and 6 1 = 
b, = 1 X 10Wq s-l corresponding to PI, = 7.25 
located at x = 0.9975 cm in a column 1.5 cm long, 
pIz = 7.00 at x = 0.4975 cm; xI midway between 
the positions of PI’S_ Material balance was excel- 
lent (to better than iO-6%) except in one instance 
where by design some macromolecule tvas allowed to 
escape from the cathodic end of the co!umn, which 
acted as a sink for about 11% of the material. Computed 
isoelectric focusing patterns are displayed as plots of 
constituent concentration of macromolecule, CS c, 
against position, x; the overbars are also dropped when 
c1 and c~ are plotted. 

3. Results 

The control calculations displayed in fig. 1 serve a 
two-Fold purpose: They allow assessment, through 
comparison with anaIytica1 reIationships, of the 
accuracy of numeric31 simulation of transport in an 
electrofocusing column both in the absence and 
presence of macromolecular interaction; and they 
provide a framework within which to consider ampho- 
Iyte-induced interactions. After I X iOs s of electro- 
migration of two noninteracting macromolecules (fig. 
l A) the distribution of material had for ail practical 
purposes reached equilibrium, the isoelectric focusing 
pattern showing two virtually gaussian peaks centered 
at the ~1’s with variances agreeing to 0.2% with analyt- 
ical prediction. The time-course of approach to 
equilibrium followed eqs. (5) and (6) with maximum 
deviations of = IO-6% and I .2%, respectively. The 
pattern for simple isomerization (fig. I B) shows a single 
gaussian peak focused at p? determined by the value 
ofK, with essentially the same agreement between 
numerical simulation and analytical predictions. 

Most of the calculations for amphoIyte-induced iso- 
merization [reaction (I)] assume either specific binding 
of one of the several carrier ampholytes that may be 
positioned in the region of the PI’S of the isomers or 
nonspecific binding of dl of the ampholytes of which 
one (or a closely spaced family with gaussian envelope) 
overwhelmingly dominates the region. Both broad 
aftd sharp distributions of ampholyte (fig. 2A), corre- 
sponding roughly to the extreme widths of the discrete, 

X(cm) 

Fig. 1. Control calculation of isoelectric focusing patterns. 
A - Mixture containing equal proportions of two nonintcract- 
ing macromolecules. B - Simple macromolecuhr isomerization 
[reaction (WI : a, K = 0.5; b, 1 .O; c, 2.0; t = t x IO5 s; same 
initial zone as in fig. 1 B but with system at chemical equili- 
brium Velocity gradients are the Same as shown in fq 2B; 
vertical zrrows in this and following figures indicate positions 
of PI’S 

; f-q*3 

-R “’ _.- - - 
- --&-I --ii- 

0.4 7.0 _ “0 

< 0.2 6.5 

0 __ --.. ____ -I 

x (cm) 

Fig 2. Parameters of the calculations far ampholyte-induced 
isomerization [reaction (I)]. A - kwironment created by the 
steady state distribution of carrier amphotytes: a, broad 
distribution (o = 0.373 cm) of ampholyte used to calculate 
the isoelectric focusing patterns presented in frr 3.4 (patterns 
a and b). nnd 5; b. broad disrniution pertaining to pattern c 
in f%. 4; c. sharp distniution (o = 0.118 cm) pertaining to 
figs 6-8. B - Velocity gradients of macromolecular species 
pertaining to fgs. 3-8 
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0.4 a6 0.8 ra 1.2 

x km1 

Fig. 3. Theoretica! equilrbrium isoelectric focusing patterns 
for ampholyte-induced macrotnolecuhr isomerization [rcac- 
tion (I)] : p1 of%& lower than%; ampholyte distribution, 
curve a in fii. 2A; K = (6.04 X 1W3)-” hl-“. 

steady-state zones of “Arnpholines” visualized experi- 
mentally [ 18) , have been examined. Let us first con- 
sider the broad distribution whose cathodic flank 
traverses the region of interest (curve a in fig. 2A). 
Two cases can be discerned depending upon the rela- 
tive pi’s ofm and ‘91%~. 

&se I. As illustrated in fig. 3, when the pl of CYL An 

‘*- 

10 - 

2- 

x w-d 

pip_ 4. Equihbrium isoelectric focusi% patterns for ampholyte- 
induced isomcrization [reaction (1) with R = 4 and K = 
7.50 X lo8 M4 in this ar.d the following figuresI f a. pI of 
‘?iZ& lower thank. amphalyte distribution given by curve 
a in fg_ 2A; b. pI of%& higher than%!, ampholyte distribu- 
tion given by curve a in fii. 2A: c. pI of %& higher than% 
arrtpholyte distribution given by curve b in fii- 2A. 

is lower than m, the equilibrium isoelectric focusing 

pattern is bimodal for n > 3, although the peaks are 
not positioned at the two pI’s. This is in contrast to the 
unimodal patterns shown by simple isomerization 
(fig. 1 B) and reminiscent of what one would expect 
for a mixture of two noninteracting macromolecules 
with overlap of the focused peaks. Resolution of the 
pattern into twc peaks when isomerization is induced 
by binding of ampholyte can be understood in terms 
of a dynamic equihbrium situation, in which the sense 
of the steady-state distribution of ampholyte governs 
the tocal equilibrium composition of macromolecule 
along the isoelectric focusing column. Thus, mass ac- 
tion favors 9Gafe, in the region of its pI where the 
concentration of ampholyte is high, whiIe 3fc is 
favored in the region of its pl where the concentration 
of ampholyte is relatively tow. This principle acting 
in concert with transport of individual macromolecuhu 
species, toward their respective pi’s for driven trans- 
port (net diffusional and driven transport of consti- 
tuent macromolecular being zero), prescribes a higher 
concentration near the ends of the pattern than in the 
middle. In other words, the two peaks correspond to 
different equilibrium compositions each enriched in 
the isomer of proximal pl (look ahead to fig. 5B), and 
not to separated isomers. 

C&se 2. When the pI of c?Zs4,, is higher than c]n, 
the pattern is unimodal (pattern b in fig. 4) with the 
peak sharply focused at the position where K’(I) s I- 
This is so because mass action favors 5% in the region 
of the p1 of cIZA,I and vice versa. so that driven trans- 
port of either species toward its pl results in conversion 
to the other isomer which, in turn, is drivenback to- 
ward the center of the pattern. Consistent with this 
explanation and that given for case 1, resolution into 
two peaks does occur (pattern c in fig. 4) when it is 
the anodic flank of the distribution of ampholyte 
which traverses the region of interest (curve b in fig. ?A). 

The time-course of approach to the bimodd 
equihbrium distribution follows biphasic kinetics 
(fig. 5). During the first phase the transient isoelectric 
focusing pattern resolves into two peaks of about the 
same size at a relatively rapid rate controlled by 
eiectromigration of the two isomers (patterns a-d in 
fig. SA). During the slower second phase, which is 
diffusion-dominated, one of the peaks grows at the 
expense of the other with minor shifts in the position- 



Fig. 5. Isoelectric focusing patterns for ampholytc-induced 
isomerization (pl of ‘%b$, lower than%; amphokyte distribu- 
Con, curve a in fig. 3A). A - Time-course of approach to the 
equilibrium pattern: a, f = 0; b, transienr pattern at f = 
2.5X10”s;c,1.75X104s;d,5X104s;e.1X105s;f, 
2 X 10s s; g, equilibrium pattern. B - Transient pattern at 
4 X 10s s showing concentmtion profdes of constituent 
macromolecule and individual species 

ing of the extrema in the pattern (transient patterns 

d-fin fig. 5A and the transient pattern of fig. 5S, 
which is close fo the equilibrium distribution given 

by pattern 8 in fig. 5A). This biphasic behavior is a 
consequence of two transient processes referred to 
as cooperative-uncoupling and field-uncoupling of 
the isoners. In cooperative-uncoupling the coopera- 
tivity of the reaction with respect to ampholyte and 
the gradient of ampholyte, both of which determine 
K’(Z), 3ct to uncoupie the system such that it effec- 
tively behaves like a mixture of two noninteracting 
mscromoiecules during the first kinetic phase, one 
of the peaks in the pattern being positioned close to 
the pi of 9Zi7. This effect is enhanced by field-un- 
coupling in which there is rapid separation of the two 

peaks by electromigration without opportunity for 

significant exchange of material via diffusion across 
the point xI where the constituent velocity, v(Z), is 
zero *_ It is diffusion acrossx/ that is rate limiting 
in the second kinetic phase. In this connection we 

x trm) 

Fig. 6. Isoelectric focusing patterns for ampholytcinduced 
isomerization (91 of %& lower tharrqE ampholyte distri- 
bution, curve c in fii. 2A; t = 0 as in fii. SA). A - Time- 
course of approach to the equilibrium pattern.- a, f = 5 X LO3 s; 
b. 2 X LO5 s: c, 4 X 1 OS s; d, equilibrium pattern; similar rc 
su2t.s for n = 2. B - Increased rate of approach to equtliiri- 
um at halved velocity ~radicnt @r = 4.9875 X 10qs cm 5-r I 
az=2.4875 X LO* cm s“.br =Lra =5X lU++ s-r): a, 
transient pattern at 2 x IO5 s; b, equihbrium pattern. 

note that the minimum in the transient patterns re- 
mains cathodic to xI until the equilibrium distribution 
is reached, thereby assuring that a finite gradient of 
macromolecule, upon which diffusional fIow depends, 
exists at rl throughout the approach to equilibrium. 

The two uncoupling processes manifest themselves 
most vividly (fig. 6A) when the distribution of ampho- 
Iyte is sharp (curve c in fig, 2A). Because of particularIy 
erfective cooperative-uncoupling occasioned by the 
steep gradient of ampholyte, field-uncoupling can act 
efficaciously to remove most of the material from the 
center of the pattern and, is so doing, to essentially 
minimize the gradient of macromolecule at x1_ Conse- 
quently, the second kinetic phase proceeds very slowly. 
Field-uncoupling can be relieved by decreasing the 
velocity gradients (by decreasing either the pH depen- 
dency of the mobilities or E)** thus allowing increased 

* There can be no field-uncoupling in the absence of coopere- 
tive-uncoupling as witnessed by simple isomerization 
(fii. 1B) whose transient isoelectric focusing patterns are 
strictly unitnodaL 

l * Footnote: see next page. 
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x Erll, 

Fig. 7. First phase of the time-course of approach to isoeiec- 
tric focusing equilibrium from an initially broad zone of macro- 
molecule, conditions otherwise the same as in fig. 6A: a. t = 0; 
b, 2.5 X IO3 s; c, 5 X IO3 s; d, 1.5 X IO4 s; equilibrium pat- 
tern given by pattern cl in fs- 6A. 

diffusional flow across xl at all stages, so that the 

equilibrium distribution is approached much more 
rapidIy (fig. GE). 

These results are for a narrow initial zone of macro- 
molecule centered between the PI’S_ While the equili- 
brium isoelectric focusing pattern is independent of 
initial conditions given the same total amount of 
material in the column, the timecourse of approach 
to equilibrium is dependent upon initial conditions_ 
When the macromolecule is distributed initially in a 
broad zone encompassing both pz’s (fig. 7), the first 
kinetic phase of approach to equilibrium is character- 
ized by one peak migrating inwards from the anodic 
end of the column toward its final positior; in the 
isoelectric focusing pattern, with simultaneous forma- 
tion of the second peak from material migrating in- 

wards from the cathodic end and outwards from the 

*I in the actual calculation the pH dependency of the mobili- 
ties was decreased. Another way of viewi% the formulaGon 
is that E uri1s decreased holding both the pH dependency 
of the mobilitier and the variance of the amphoiyte distri- 
bution constant; conceptual failure to relax the ampholyte 
distribution would not negate the conclusion reached, 
since relaxa.tion acts to enhance the effect of decreasing 
the velocity gradients- In any case, the calcufation demon- 
strates the principle involved. Also. it is dear that, in prac- 
tice, the shape of the transient and equilibrium isoelectric 
focusing patterns will be rather sensitive to E 

x,crll: xkmt 

F&. 8. First phase of the time-course of approach 10 isoekctric 

focusing equilibrium from an initially narrow zone of macro- 
molecule positioned anodically to both pi-s. A - Distniution 
of ampholyte and other parameters as in fis. 6X: a, t = 0; 
b, 4 X IO4 s; c. 3 X IO4 s; equilibrium patttetn given by pattern 
d in fig. 6A. I3 - Effect of hslvins the velocity gadicnts, distri- 
bution of ampholyte and other parameters as in tig. 6B: a. 
t = 0, b, 8 X lo4 s, which is the field-equivalent time of pattern 
b in fig. 8A; equilibrium pattern given by pattern b in fig. 68. 

region between the ~1’s. A rather different picture is 
seen when a narrow initial zone is positioned either 
anodically or cathodically to both PI’S_ As illustrated 
in fig. 8A, a major peak positions itself just internally 
to the proximal PI, while a second peak grows very 
slowly in the vicinity of the distal pI at the expense 
of the first one. The slow growth of the second peak 
is due predominantly to cooperative-uncoupling, with 
field-uncoupling acting to sharpen the major peak to 
the point where the gradient of macromolecule at I, 
almost vanishes. The latter effect can be partially 
relieved by decreasing the velocity gradient (fig. 8B). 

So far we have confined our attention to the region 
of the isoelectric focusing column in the immediate 
vicinity of the pl’s. We now turn to a different aspect 
of isoelectric focusing; namely, migration of the zone 
of macromolecule down the column enroute to its 
isoelectric region. Of interest here is possible interac- 
tion of the macromolecule with carrier ampholytes 
positioned along the route. Conceivably, such interac- 
tion could involve either a specific ampholyte or all 
of the ampholytes in accordance with reaction (I). 
The continuously changing profile of the zone as af- 
fected by interaction with a specific ampholyte is 
shown in fig. 9: As the zone rides up &he anodic flank 
of the ampholyte distribution it sharpens considerably 
more than one would expect from the intrinsic velocity 
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Fig. 9. Effect of interaction with a specific carrier ampholyte 
upon the shape of a zone of macromolecule migrating down 
an isoelectric focusing column enroute to its isoelectric rc$on. 
A - Environment created by the steady state distribution of 
~rrier Ynpholytes: a1 = 9.9883 X LOe5 cm ~-‘.a~ = 2.4958 
x 10-s cm s-t, bl = 3.3333 X 10S5 s-l, bl = 1.1905 X 10m5 
s-* ; specific amphoIyte. CJ = 0.118 cm. B - Transient profdes 
of macromolecule concentration. 

gradients per se, because W is converted by mass ac- 
tion into the slower migrating isomer ‘MsQ,. Since 
7iZdn lags M, the leading edge of the zone moves 
considerably more slowly than its trailing edge, thus 
the hypersharpening without opportunity for resolu- 
tion. Upon descending the cathodic flank of the distri- 
bution ?&$,I is continuously converted back to the 
faster migrating CT, and the hypersharpened zone now 
broadens and resolves into two peaks under the in- 
tluence of cooperative- and field-uncoupling of the 
isomers. Resolution is transient, however, because 
once the ampholytc is left behind all of the macro- 
molecule is in the form W ; as cooperative-uncoupling 
plays r)ut its role, field-uncoupling abrogatei resolution. 
The resulting unimodal zone then resharpens as it con- 
tinues to migrate down the column, because intrinsic- 
ally its trailing edge moves more rapidly than its leading 
edge. Essentially the same explanation applies when 
the interaction is with all of the ampholytes positioned 
along the route of migration. As shown in fig. 10, the 

Fig. 10. Effect of interaction with all carrier ampholytes upon 
the shape of a zone of macromolecule migrating down an iso- 
electric focusing cotumn enroute to its isoelectric region A - 
Environment created by the steady state distniution of carrier 
ampholytes. velocity parameters and u of individual ampholytes 
as in fig. 9A. B - Tratsient profiies of macromolecule concen- 
tration. 

zone of macromolecule successively hypersharpens and 
resolves into two peaks each time if crosses one of rfie 
peaks in the distribution of amphoiytes. 

4. Discussion 

The foregoing results demonstrate that a single 
protein or other amphoteric macromolecule can give 
isoelectric focusing patterns showing two peaks due 
to reversible binding of carrier ampholyte with ac- 
companying macromolecular isomerization. This is so 
despite rapid chemical equiiibration. Moreover; 
ampholyte-induced association-dissociation reactions 
(Cann et al., work in progress) and pH-dependent 
cbnfonnational transitions [ 191 behave similarly. This 
is of considerable practicaI importance since the 
bimodal patterns exhibited by interacting systems 
could easily be misinterpreted as indicative of inherent 
heterogeneity with respect to isoelectric point_ One 
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means of detecting interaction is to focus the sample 
from different points of insertion into the column 
(compare figs. BA, 7 and SA), but unequivocal proof 
of heterogeneity is afforded only by fractionation. In 
the fractionation test the protein in each peak is iso- 
lated. The resulting fractions are reconstituted to the 
concentration of the unfractionated material (a pre- 
cautionary procedure which takes cognizance of pos- 
sible macromolecular association-dissociation) and 
resubjected to isoelectric focusing. For interaction 
each fraction will behave like the unfractionated 
material and show two peaks, while for heterogeneity 
a single focused peak will be obtained. The investigation 
of Talbot [91 on the PEE-dependent conformational 
states of the 12s subunit protein of foot-and-mouth 
disease virus is exemplary. In these experiments the 
forementioned procedural variations were combined 
systematically with fractionation in such a way as to 
leave no doubt as to the interacting nature of the 
system. 

A corollary pertaining to the routine determination 
of isoelectric points is that the sampIe should always 
5e focused from different points of insertion into the 
column. if, for example, an interacting system were 
to be focused only from a point anodic (or cathodic) 
to its isoelectric region, the interaction might welt 
escape attention (fig. SA); and the apparen: iso4ectric 
point of the presumed noninteracting protein- would 
be in error, perhaps, by 3s much as ~1.5 pH units 
(fig. 21.1 in ref. [91)- 

The resuits of the theoretical calculations also 
furnish possible explanations for hitherto puzzling 
experimental observations. For example [12], both 

c+glyceroI phosphate dehydrogenase and pyruvate 
kinase, when focused from an initially uniform distri- 
bution throughout a density-gradient isoelectric 
focusing column, give transient patterns showing two 
peaks migrating from either end of the column. As 
the two peaks approach the isoelectric region they 
either coalesce into a single peak or, possibly, one 
of the peaks grows at expense of the other as judged 
from the few transient patterns presented. Clearly. 
the described behavior is indicative of an “Ampholine” 
- or pH-induced change in protein conformation or 
state of association. in another vein, Catsimpoolas 
ilO] has observed a moving zone of protein split 
&o two zones and, after a time, become one again 
during migration down a density-gradient column 

enroute to its isoelectric PH. Mayers [l l] reports a 
more complex behavior for DNT insulin on a gel 
column: Not only does the moving zone split into two 
which then coalesce into one but it does so repeatedly 
during passage down the column. The calculations 
presented in figs. 9 and 10 furnish an explanation of 
these observations in terms of interaction with a 
specific “Ampholine” in the first instance, and with 
all of the “Ampholines” positioned aIong the column 
in the second. 

Finally, the new insights provided by these calcula- 
tions add to the store of fundamental understanding 
required for the application of isoelectric focusing to 
the detection and characterimtion of a variety of 
biochemical reactions such as the interaction of enzymes 
with inhibitors and allosteric affecters and the interac- 
tion of macromolecules with each other. The peculiar 
sensitivity of isoelectric focusing might pemlit detection 
of subtle, ligand-induced conformational changes 
which are beyond the reach of other methods. Recently, 
Drysdale [20] reviewed preliminary findings which 
indicate that isoeIectric focusing holds promise for the 
study of these several classes of interaction. 
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